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Abstract

In this paper, we have tried to established the stability and strong convergence re-
sults using new iterative scheme in Banach spaces under contractive-like mappings.
Moreover, we will also show the example that the new iterative scheme converges
faster that to another three-step iterative schemes.

1. Introduction

Fixed point theory plays an important role in applications of many branches of math-
ematics and the convergence results of Zamfirescu operators using Mann and Ishikawa
iterative schemes introduced by Rhoades [26] in 1976 Berinde [3] established the class

of operators that is more elaborate than the class Zamfirescu operators. After strong
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convergence of two-step iterative processes, in 2006, Rafiq studied the convergence of
quasi-contractive mappings by a three-step iterative scheme. Olatinwo & Imoru [17] in-
troduces convergence results of the class of generalized Zamfirescu operators under the
Jungck-Ishikawa and the Jungck-Mann iteration scheme in and Olatinwo [19] studied
the convergence for generalized Zamfirescu operation by Jongck- Noor iterative scheme
Bosede [5] introduced strong convergence results of contractivelike mapping with the
Jungck Ishikawa and the Jungck-Mann iterative scheme and Chugh, Renu and Kumar,
Vivek [9, 10] studied of the strong convergence and stability result for the Jungck-SP
and Jungck-Agrawal et al. iteration procedure in 2011. In the second case of this work
we have the concept of fixed point of stability results of iteration methods. The stability
of fixed point iteration methods was First studied by Ostrowaki [22], where they were
the stability result of the Picard iteration method by Banach’s contraction operator.
After many researchers has studied this concept in various ways. Many researchers
studying stability the following are Harder and Hicks [11], Rhoades [26], Berinde [4],
Olatinwo [18] Osilike and Udomene [21] Osilike [20], and Singh et al. [27] Bosede and
Rhoades [6] and Chugh Renu and Kumar Vivek [8, 9, 10]. The final concept of this task
will study the intensity of iterative methods. The results obtained in this paper extend

and improve the resluts in the existing results.

2. Preliminaries and Definitions

First some important definitions and theorems, which are useful for our main results.
Let K be a closed convex subset of a Banach spaces B and let T : K — K be a
selfmapping of K. Suppose that Fr = {g € K : Tq = ¢} is the set of fixed points of T'.
In Picard iterative scheme uy € K and {u}22, defined by

Ugr1 = Tus, s=0,1,2,--- (1)

ie. usy1 = f(T,us), s=0,1,2,--- and it is used to approximate the fixed points of

operators satisfying the inequality
Tz —Ty|| <allx—yl, V z,ye K & ac K[0,1). (2)

The equation (2) is called the Banach’s contraction operator and also called Banach’s

of contractive Principle [2].
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In 1953, W. R. Mann [15] introduced the following iterative scheme, for ug € K and
{us}2, defined by
ust1 = (1 — as)us + asTusg (3)

where s € N, {as} is sequence of positive numbers in [0, 1] and it is called Mann iterative
schemes.
In 1974, S. Ishikawa [12] introduced the following iterative scheme, for ug € K and
{us}32,, defined by

us+1 = (1 — ag)us + asTog (4)

Vs = (1 - ﬂs)us + BsTus

where s € N, {as}, (8s) are sequence of positive numbers in [0,1] and it is called
Ishikawa iterative schemes.

In 2000 Noor [16] introduced the following iterative scheme, for ugp € K and {us}32,
defined by

Us+1 = (1 — ag)us + asTug

Vs = (1 - Bs)us + /BsTws (5)
Ws = (1 - ’Ys)us + vsTus

where s € N, {as}, (Bs), {7s} are sequence of positive numbers in [0, 1] and it is called
Noor iterative scheme.

In 2014, Abbas [1] introduced the following iterative scheme, for ug € K and {us}32,
defined by

us+1 = (1 — as)Tvs + asTows
Vs = (1 - ﬁs)Tus + ﬁsTws (6)
Ws = (1 - ’Ys)us + VSTUS

where s € N, {as}, (Bs), {7s} are sequence of positive numbers in [0, 1] and it is called
Abbas iterative scheme.

Theorem 2.1 : Let K be a non-empty closed convex subset of a Banach space B and
let T: K — K be a mapping on K. Then the operator T is called Zamfirescu operator
if and only if there exists real numbers r € (0,1), s.t. € (0,1/2) such that for each u

and v in K at least one of the following condition holds :
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(a) | Tu — Tl < rllu— o
(b) [[Tu = Tol| < s{llu— Tul| + [[v = T[[}
(¢) [|Tu = Tol| < t{|lu — Tv|| + [[o = Tull}.
Then T has a unique fixed point g and the Picard iterative scheme {u,} defined by
Upt1 = TUp, n=0,1,---

converges to ¢ for any arbitrary but fixed ug € K.
In 2005, Berinde [3] discussed a new class of operators on metric space, Banach space

and Hilbert space and it is given by
|Tu —Tv| < 26||lu—Ty||+6llu—v| ¥V w,ve K and § € [0,1). (7)

In 1976, Jungck introduced iterative scheme [13] as Let 7" and S be an arbitrary map-
pings on any set C' with values in K satisfy T'(C) C S(C), where S(C) is a complete
subspace of K. For ug € C, let {Suy,}52, follows as

Stupy1 =Tun, n=0,1,2,---

i.e. Sun+1 = f(T‘7 ’U,n)’ n = O7 1, 2, e (8)

is called Picard iterative schemes.
In 2005, Singh et al [27] introduced iteration processes as follows, for ug € C, let
{Su, 2, defined as

Susi1 = (1 — as)Sus + asTus (9)

where s € N, {as} is sequence of positive numbers in [0, 1] and it is called Jungck-
Mann iterative scheme.
In 2008, Olatinwo and Imoru [17] introduced iteration processes as follows, for uy € C,
let {Sun}22 ) defined as

Susi1 = (1 — ag)Sus + asTvs (10)

Svs = (1 - BS)SUS + BsTws

where s € N, {as}, {85} are sequence of positive numbers in [0, 1] and it is called Jungck-

Ishikawa iterative scheme.
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In 2008, Olatinwo [19] introduced iteration processes as follows, for ug € C, let {Sug}52
defined as
Sust1 = (1 — ag)Sus + asTvs (11)
Svs = (1 — Bs)Sus + BsTws
Sws = (1 — v5)Sus + vsTus
where s € N,{as},{Bs}, {ym} are sequence of positive numbers in [0, 1] and it is called
Noor iterative scheme.

Using a new idea, Osilike [20] considered the following contractive condition: there exist

a real number L > 0, « € [0, 1] such that for each u,v € K, we have
I Tu — To| < Ll|ju — Tu|| + a||lu —v||. (12)

Imoru and Olatinwo [17] extended the results of oslike [20] using the following contractive

condition : there exists a real number a € [0, 1]) and a monotonic increasing function

¢ : R™ — RT such that ¢(0) =0 and V w,vinK, we have
[Tu—Tol| < ¢(llu = Toll) + allu — vl (13)
Jungck [13] studied that the mappings 7" and S satisfying
ITu — Tv| < al|Su— S|

YV u,v € K,0 < a < 1 has a unique common fixed point. For C = K & S = Id above
operator becomes well know contraction mapping.
Olainwo [18] introduced an operator that is a generalization of the Zamfirescu operator,

called contractive-like operators and defined as

(A) There exists a real number M > 0,«a € [0,1) and a monotonic increasing function
¢: Rt — R* such that ¢(0) =0 and V u,v € K, we have

[Tw = To|| < ¢([|Su = Tul|) + af|[Su — Sv|

(B) There exists a real number M > 0, € [0,1) and a monotonic increasing function
¢(RT — RT such that ¢(0) =0 and V u,v € Km we have

¢(|[Su — Tul)) + af[Su — Sv||
1+ M|[Su—SV|

I Tu — To|| <
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Bosede and Rhoades [6] introduced an operator that is a generalization of the Zamfirescu
operator, called contractive-like operators and defined as : there exists a real number
M > 0,8in[0,1) and a monotonic increasing function ¢ : R — R™ such that ¢(0) =0

and V u,v € K we have
|1Tu = Tol| < M5 [g{||Su — To||} + 6]|Su — Sv|] (14)
In this paper, we define following new New iteration process and is defined as follows
Sus1 = (1 — as)Tvs + asTws

Svs = (1 - Bs)Tus + /BSTwS
Sws = (1 — v5)Sus + vsTus (15)

where s € N, {as}, {Bs},{7s} are sequence of positive numbers in [0, 1) and it is called
New iterative scheme.

We are implying this contractive-like operators there exists a real number M > 0,
a € [0,1) and a monotonic increasing function ¢ :?R*t — KT such that ¢(0) = 0 and

YV u,v € K, we have
1T = To|| < MIS TG {||Su — To|} + af|Su — Sv]|]. (16)

We shall need the following lemma and definition for our results:

Lemma 2.1 [3] : Let p be a real number such that 0 < p < 1 and {€;}3°, be a
sequence of non-negative numbers such that Sli)rrolo €s = 0, then for any sequence {us}22
is satisfying usy1 < dus + €5, s =0,1,2,---, we have Sll)rgo ug = 0.

Definition 2.2 : Let 7', S : C — K be non-self mapping on C satisfying T'(C) C S(C),
where S(C) is a complete subspace of K and S is an injective mapping. Let b be a
coincidence point of T and S i.e. Sb = Tb = ¢ (say). Let, for ug € C. The sequence
{Sum o2, generated by the iteration scheme Su, = f(T,u,).n > 0 (16) will be called
(S, T)-stable if and only if

lim ¢, =0« lim Sv, =q.

n—o0 m—ro0
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3. Main Results
3.1. Strong Convergence Results of Fixed Point Theorem in Banach Space

Theorem 3.1 : Let K be a non-empty closed convex subset of a Banach space B and
let T, S : K — K be non-self mapping on an arbitrary set C' such that T'(C) C S(C),
where S(C) is a complete subspace of K and S is an injective mapping. Let y be a
coincidence point of T" and S i.e. Ty = Sy = q. Suppose T, S are satisfy the condition
(16) and for ug € C, let {Su,,}5°, be a New iterative scheme defined by (15). Then
the sequence {Suy, }22, converges strongly to g.

Proof : Let y be the set of coincidence points of T and S. We use condition (16) to
establish that 7" and S have a unique coincidence point y, i.e. Sy = Ty = ¢ (sav).
Suppose that 3 y1,y2 € Y such that Sy; = Ty1 = q1 and Sy = Tys = q2. If g1 = g2,
then Sy; = Sy and since S is an injective, it follows that y; = yo.

If g1 # g2, then using contractive condition (16) we have

o
IA

a1 — @2l = Ty1 — Ty
LISy Tvall || Lo Syy — Tya|) + al|Syr — Tyal|}

IN

allg — g2

Which leads to (1 — a)||q1 — ¢2|| < 0, from which it follows that (1 — «) > 0 since

a € [0,1) but ||g1 — g2/ < 0, since norm is non-negative, which is a contradiction.

Therefore, we have that ||g1 — g2|| = 0 i.e. g1 —q2 = ¢. Since g1 = g2, then we have that
= Sy; = Ty; = Sy2 = Tys = q2 leading to Sy; = Sy2 = y1 = y2 = y (since S is an

injective). Hence y is a unique coincidence point of T and S.

We now prove that (Su,,}o0_, converges strongly to g. Therefore, from (15) and (16)

we have

[Sum+1 =gl =
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< (1= am)e" T o(||Sy — Tyll) + ol Sy — Svmll}
+ome 15Tl (|| Sy — Ty) + oSy — Swml|}
= (1—am)allSy — Svm| + amal|Sy — Swn||
= (1 —am)a|Svm — qll + anal|Swy, —qf.- (17)

Now, we have the following estimates :

[1Svm —all = |(1 = Bm)Ttm + B Twm — ql|

< (1= Bm)l[Tum = q|| + Bl Twm — q||
(1= bm) | Tum — Tyl + Bl Twm — Ty
(1 =B 1Ty = Tuml| + Bl Ty — Tw|

< (1= Bm)e 15T oSy — Tyl) + | Sy — Sum|}
+Bme 15T (| Sy — Ty|)) + | Sy — Swi |}
= (1= Bn)allSy — Sum| + BrnallSy — Swn|
= (1 - Bmallg — Sup|l + Bmallg — Swn|
= (1= Bn)al|Sum — gl + BrallSwn — | (18)
and
[1Swm —qll = (1 = Ym)Sum + ymTum — q||
< (A= )[Sum — gl + vl Tum — gl
= (1= y)Sum — all + vl Tum — Ty|
= (1= y)Sum — all + vl Ty — Tum|
< (1= m)1Sum — 4|

Hyme T[Sy — Tyll) + al| Sy — Suml|}
= (1 —ym)alSum — qll + ymal|Sy — Swn||
= (1= ymal|Stum — qll + yma||Sum — 4
= 1=y = a)][[Sum — ql|- (19)

Putting the value of (19) in equation (18), we get

[Svm —all < all = Bm)[[Sum — qll + afm[1 = ym (1 — ][ Sum — ql|
= a[=Bmym(1 = )][[Sum —ql|. (20)
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Putting the value of (19) and (20) in equation (17), we get

[Sum—1 —gqll < (1 = am)[l = Bunym(l = @)][|Sum — q|
+amall = (1 = a)][|Sum — 4|
= afo(l — am){l = Bnym(l — @)}
Fam{l = v (1 — a)}[|Sum — q||

< ol = ap){l = Bnym(1 — a)}
Fam{l = ym (1 — o)} || Sum — q||
< [ -an){l =yl -a)}
{1l — Ym (1 — ) [ Sum — 4|
< 1=y = a)]||lSum — 4|
< [ -%0-a)
=0
< & TVE Jug—q (21)
Since 0 < a < 1,7 € [0,1] and 32 7 = 00, 50 e 2™ 50 as m — oo,

m=0
Hence, it follows from (21) that lim |Swuy,+1 —q|| = 0. Therefore {Su,,}5°, converges
m—0o0

strongly to q.

3.2. Stability Results of Fixed Point Theorem in Banach Spaces

Theorem 3.2 : Let K be a non-empty closed convex subset of a Banach Spaces B and
let T,.S : K — K be non-self mappings on an arbitrary set C' such that T'(C') C S(C),
where S(C) is a complete subspace of K and S is an injective mapping. Let y be a
coincidence point of T" and S i.e. Ty = Sy = q Suppose T, .S are satisfying the condition
(16) and for up € C, let {Sum}72, be New iterative scheme (15) converging to g. Then
the New iterative scheme (S5, T) - stable.

Proof : Suppose {Svp,}oo_, C K be an arbitrary sequence and define
em = [|SVm+1 — (1 — )Ty, — amTep |

where Sby, = (1= Bm)T0m + BT em, Scm = (1 —~m)Svm +vmT vy, and let liin €m = 0.

Now we have to prove that lim Swv,, = q.
m—ro0
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Then it follows from (15) and (16) that

N

[Svmi1 —all < [[Svmgr — (1 = )T — amTen ||
+]|(1 — am) T, + amTem — q|

< em+ (1= am)||Thm — qll + am || Ten — 4|

= (1= an)|Tom — Ty|| + am||Tem — Ty|| + €m

= (I —an)||Ty — Top| + am||Ty — Tem|| + em

< (1= am) I {o(||Sy — Tyll) + | Sy = Sbuml|} + €m

+ag 15T (| Sy — Ty|) + o Sy — Semll} + em

(1 — am)a||Sy — Sby|| + amal|Sy — Seml| + em

= (1 —am)a|Sbn — qll + amallsem — gl + €m. (22)
Now, we have the following estimates

1S0m — gl = 11 = Bn)Tvm + BuTem — 4

< (L= Ba)llTvm = ql| + Bl Tem — 4l

= (1= Bu)lITvm — Tyl + Bl Tem — Ty||
(1 =) Ty — Tom|| + BTy — Tem|

< (1= ) HISv =T oSy — Tyl + al| Sy — v}
+BHIS=TYI (|| Sy — Ty|| + al|Sy — Seml}
= (1 - Bn)allSy — Svm || + Bma(||Sy — Seml)
= (1= Bm)allg = Svml + Bma(llg — Seml))
= (1= Bn)al[Svm — gl + Bma(||Sem — qll) (23)
and
m—qll = (1T =%)|Svm + ¥mTvm — q|

S (1_’Ym)HSUm_QH+’7mHT'Um_Q||
= (1= y)Svm — qll + ym||Tvm — Tyl
= (1 =v)Svm — qll + v Ty — Tvn||
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IN

(1 =) l[Svm = gll + 45T o(||Sy = Tyl) + al| Sy — Svall}

= (I =ym)llSvm = all + 7Sy — Svml
= (L= y)lSvm = all + vl Svm — gll1Svm — gl|-

Putting the value of (24) in equation (23), we get

15bm — 4l

< a(l = Bn)llSvm — gl + aBm[l = ym(1 = @)][|Svm — 4|
= o[l = Bnym(1 = @)][[Svm — 4|

Putting the value of (25) and (24) in equation (22), we get

1Stmst —all < 02(1 = am)[1 = Bum(1 — a)][[Sul0?(1 — a)][Som — d
Foama[l = ym(1 = A)][|Svm — qf + em
= [0®(1 — am){l — Buym(l — @)}
Facm{l —ym(l — a)}][[Svm — gl + €m
= hlSvm —qll +em
where,

h=(a*(1 = am){1 = B Ym(1l — @)} + ac {1 — (1 — a)}.

Taking the limit of both sides of above equation as m — oo

lim [[Svme1 — ¢l < h lim [|Sv, —q| + lm e,.

But lim,,, s €, = 0. Therefore,

lim [[Svms1 —q| < h lim [[Sv, —q].
m—0o0 m—oQ

Now, using 0 < A < a, and « € [0, 1), we have

Therefore,

h

= ala(l = ap){l = Bnym(l = )} + am{l = ym(1 — a)}]
< ol = am){1 = B ym(1 — )} + am{l = (1 — a)}]
< [0 =am){1 =1 —a)} + am{l —m(l - a)j]

< T—ym(l-a) <1

h=[a*(1 = am) {18m¥m(1 = @)} + aam {1 = 3 (1 = a)}].

45

(28)
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Using (27), (28) and lemma (2.1), we have

lim Sv, =p.
m—r0o0

Conversely, let lim Sv,, = q.
m—0oQ

Then using contractive condition (16) and the triangle inequality, we have

em = [[Svmt+1 — (1 — ) Tby — amTen||
< |[Svmt1 — gl + (1 — am)llg — Tonl| + amtllg — Ten|
= [[Svm1 =gl + (1 = am) [Ty — Tom|| + am|[Ty — Ten||
< [[Svm—1 = gll + (1 = am) 15T (|[Sy — Ty|) + all Sy — Sbl[}

+aclIS=Tul 4 1|8y — Ty) + || Sy — Sepl|}

[Svms1 — gl + (1 = am)al[Sy = Sb[| + af[|Sy — Sen||

= [1Svmt1 = gll + (1 = am )| Sbn — gl + a5 [|Sen — gl (29)
Putting the value of equations (25) and (24) in equation (29), we have

em < [1Svmir = 1+ (1 = am)[1 = Buym(1 = )]l Svm — g
Foma[l = ym (1 — a)][|Svm — 4]
+HSvm41 = gl + [@*(1 = am){1 = Bmym(1 — )}
taam{l =y (1 — a)}][[Svm — 4|
[1Svmi1 = qll + 6] Svm — g (30)

where
§ = [*(1 — am){l = B ym(1 — @)} + @ {1 — v (1 — @)}].

Taking the limit of both sides of above equation as m — oo

lim €, < lim €,|Svms1 —q||+h lim ||Sv, —q|.
m—00 m—00 m—o0

But lim Swv,, = q. Therefore, lim €, = 0.
m—0o0 m—0o0
Hence the New iterative scheme is (S,T') - stable.

Example 3.3 : We solve the following equation

22— Tr—-10=0 (31)
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and prove that New iteration converges faster than Jungck-Noor, jungck-Ishikawa and

Jungck-Mann iterative schemes. We solve the equation by rewriting as
Sx="Tr & Tr=a%-10 (32)

To solve equation (31) using simple iterative schemes (Abbas, Noor, Ishikawa and

Mann), we write this equation as follows :
r =Tz = (z*—10)/7.

Then the coincidence point of S & T' in (32) leads to the solution of equation (31). We

show our output in the table 1 and table 2 by taking initial approximation x¢y = 1 and

an = Bp = = 0.9.

3.4. Conclusion : Following are the convergence events of Jungck type iterative
processes in table - 1: Jungck-Mann, Jungck-Ishikawa, Jungck-Noor and New iterative
schemes while table - 2 follows the convergence events of simple iteration schemes Mann,
Ishikawa, Noor and Abbas. After looking at both the tables, we come to the conclusion

that the result of table -2 is faster than results of table -1.

TABLE 1
No. Jungck-Mann Iterative Jungck-Ishikawa Iterative Jungck-Noor Iterative New Iterative Scheme
Scheme Scheme Scheme
n Stp41 Tum Up 41 Stpmt1 Tum Up 41 Stpmt1 Tum Up 41 St 41 Tum Up 41
0 -7.4 -9 -1.05714 -7.2942 -9 -1.04203 -7.32276 -9 - 1.04611 -8,83276 -9 -1.26182
1 -8.7342 -8.88245 -1.24774 -8,32247 -8.91418 -1.18892 -8.45874 -8.90566 -1.20839 -8.53997 -8.4078 -1.22
2 -8.47224 -8,44314 -1.21032 -8.48639 -8.58646 -1.21234 -8.51605 -8.53979 -1.21658 -8.52031 -8.51161 -1.21719
3 -8.52884 -8.53512 -1.21841 -8.51352 -8.53023 -1.21622 -8.5188 -8.51994 -1.21697 -8.51902 -8.51845 -1.217
4 -8.51682 -8.51549 -1.21699 -8.51803 -8.52082 -1.21686 -8.51893 -8.51898 -1.21699 -8.51894 -8.5189 -1.21699
5 -8.51938 -8.51967 -1.21705 -8.51878 -8.51925 -1.21697 -8.51893 -8.51894 -1.21699 -8.51893 -8.51893 -1.21699
6 -8.51884 -8.51878 -1.21698 -8.51891 -8.51899 -1.21699 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699
7 -8.51895 -8.51897 -1.21699 -8.51893 -8.51894 -1.21699 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 - 1.21699
8 -8.51893 -8.51893 -1.21699 -8.51893 -8.51894 -1.21699 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699
9 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699 - 8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699
10 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699 -8.51893 -8.51893 -1.21699
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TABLE 2
No. Mann Iterative Scheme Ishikawa Iterative Scheme Noor Iterative Scheme Abbas Iterative Scheme
n Tum U 41 Tum U 41 Tum U 41 Tum U 41
0 -1.28571 -1.05714 -1.28571 -1.04203 - 1.28571 -1.04611 -1.28571 -1.26182
1 -1.26892 -1.24774 -1.27345 -1.18892 -1.27224 -1.20839 -1.20111 -1.22
2 -1.20616 -1.21032 -1.22664 -1.21234 -1.21997 -1.21658 -1.21594 -1.21719
3 -1.2193 -1.21841 -1.2186 -1.21622 -1.21713 -1.21697 -1.21692 -1.217
4 -1.2165 -1.21669 -1.21726 -1.21686 -1.217 -1.21699 -1.21699 -1.21699
5 - 1.2171 -1.21705 -1.21704 -1.21697 -1.21699 -1.21699 -1.21699 -1.21699
6 -1.21697 -1.21698 -1.217 -1.21699 -1.21699 -1.21699 -1.21699 -1.21699
7 -1.217 -1.21699 -1.21699 - 1.21699 -1.21699 -1.21699 - 1.21699 -1.21699
8 -1.21699 -1.21699 -1.21699 -1.21699 -1.21699 -1.21699 -1.21609 -1.21699
9 -1.21699 -1.21699 -1.21699 -1.21699 -1.21699 -1.21699 -1.21690 -121699
10 -1.21699 -1.21699 -1.21.699 -1.21699 1.21699 - 1.21699 -1.21699 -1.21600
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